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1. Introduction
Let _ : RN  (0, ) be a measurable function satisfying
c&1(1+|x| )_(x)c(1+|x| ) (x # RN). (1.1)
Let a, b # R and let
H=&_a+N :
N
i=1 {

xi \_&b&N+2

xi+=
be the elliptic operator defined in L2(RN, _&a&N dx) with Dirichlet boundary
conditions. This class of singular second order elliptic operators has been
studied in [12]. In particular the following spectral properties of this class
of operators were studied in [12]: conservation of probability of e&Ht,
invariance of C0(RN) under e&Ht, L1 and L2 compactness of the resolvent
of H. However in addition to (1.1) we also assumed in [12] that _ is C 
and that it satisfies
c&1|({_)(x)| 2c ( |x|>P) (1.2)
and
|x| _&1(x)
_
r
 1 as |x|  . (1.3)
Because of these smoothness assumptions on _ the proofs in [12] were
based on the method of [2] using differential inequalities. The purpose of
this paper is to derive the results in [12] assuming only (1.1). Our method
is based on the elliptic and the parabolic Harnack inequalities
([1, 7, 8, 9, 11]) and an upper bound for the heat kernel of e&Ht obtained
recently in [6].
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We conclude this introduction by stating some results which we shall use
in this paper.
Theorem 1.1 ([8, Theorem 8.20]). Let L be the elliptic operator for-
mally defined on a bounded domain 7/RN by
L=& :
N
i, j=1 {

xi \aij

xj+=+V
where aij and V are measurable functions on 7 satisfying the following:
(i) 0<*[aij]
(ii) Ni, j=1 |aij |
242
(iii) *&1 |V|&2.
Let 0u # W 1, 2(7) satisfy
|
7 { :
N
i, j=1
aij
u
xi

xj
+Vu= dx=0 ( # C c (7)).
Then there exists k=k(N)1 such that for all B( y, R)7 we have
sup[u(x): |x&y|R4]k- (4*+&R) inf[u(x): |x&y|R4].
Theorem 1.2 ([1, Theorem 2.1]). Let aij=aji , i, j=1, ..., N, be C -
functions on B(0, 2) and let w be a positive C -function on B(0, 2). Suppose
there exists *1 such that
*&1[aij]*, *&1w*.
Then there exists #=#(*, N, t1 , t2 , t3 , t4 , t5 , t6 , r)1 such that whenever
0u~ # C (B(0, 2)_(t1 , t6)) is a solution of the parabolic equation
u~
t
&w&1 :
N
i, j=1 {

xi \aij
u~
xj+==0
in B(0, 2)_(t1 , t6), we have
sup
t2tt3 , |x|r
u~ (x,t)# inf
t4tt5 , |x|r
u~ (x,t).
Theorem 1.3 ([12, Theorem 6.6]). (i) If a(1&2N)b, then there
exists c1=c1(a, b, c, N)1 such that
&e&Ht&, 1c1 t&N2 (0<t1).
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(ii) If a>b and a(1&2N)b, then there exists c2=c2(a, b, c, N)1
such that
&e&Ht&, 1c2 t&a(a&b) (0<t1).
Remark. Although in [12] we assumed that _ satisfies (1.2) and (1.3),
the proof of Theorem 1.3 given there does not require any smoothness
assumption on _.
Theorem 1.4 ([2, Theorem 6.1]). If H has compact resolvent in L1 and
C0(RN) is invariant under e&Ht for all t0, then (1+H)&1 1 # C0(RN).
For the rest of this paper ci , i=1, 2, 3, ..., will denote constants which
depend only on a, b, c and N.
2. a>b and b>0
Definition 2.1. Let e&Ht be a symmetric Markov semigroup on
L2(M, dm) where M is a second countable locally compact Hausdorff space
and dm is a regular Borel measure on M. We say that e&Ht is ultracontrac-
tive if for all 0<t<, there exists 0<k(t)< such that
&e&Ht&, 1k(t) (t>0). (2.1)
Condition (2.1) is equivalent to the condition that e&Ht has a heat kernel
KH(t, x, y) satisfying a uniform bound of the type
0KH(t, x, y)k(t) (t>0). (2.2)
We refer to [5, Chapter 2] for results concerning ultracontractivity of
symmetric Markov semigroups.
Lemma 2.2 ([5, Theorem 2.1.5]). Let (M, dm) and e&Ht be as in Defini-
tion 2.1. If e&Ht is ultracontractive and dm(M)<, then e&Ht is compact on
L p for all 1p and 0<t<. Moreover the spectrum of Hp is inde-
pendent of p for 1p.
Lemma 2.3. If b>0, then
{
Quad(H)={ f # L2(RN, _&a&N dx): f is locally weakly
(2.3)
differentiable and |
RN
_&b&N+2 |{f | 2 dx<= .
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The proof of Lemma 2.3 is a slight modification of that of
[4, Theorem 6.2].
Lemma 2.4. If a>0 and if b>0, then 0 # Sp(H2).
Proof. Let _~ : RN  (0, ) be a C -function such that
_~ (x)=(1+|x| ) ( |x|P>1)
and for all =>0 let
f=(x)=exp[&=_~ (x)b&a] (x # RN).
Then, by Lemma 2.3, f= # Quad(H) for all =>0 and
(H 12f= , H 12f=)
=|
RN
_&b&N+2+a+N=2_~ 2(b&a)&2(b&a&1)2 |{_~ | 2 f 2= _
&a&N dx
k=2 & f=&22 .
for some k>0. Therefore
lim
= a 0
<H 12f= , H 12f=>& f= &22=0
and the lemma follows by minimax.
We say that the semigroup e&Ht conserves probability if
e&Ht1=1 (2.4)
for some (equivalently all) t>0. This condition is equivalent to the
condition
(1+H)&1 1=1 (2.5)
and also to the condition that 0 # Sp(H).
Theorem 2.5. If a>b and if b>0, then we have
(i) e&Ht conserves probability,
(ii) H has compact resolvent on L1 and L2,
(iii) C0(RN) is not invariant under e&Ht.
Proof. (i) is a consequence of Theorem 1.3, Lemmas 2.2 and 2.4 and the
above remark. (ii) follows from Theorem 1.3 and Lemma 2.2. (iii) follows
from (2.5), Theorems 1.3 and 1.4.
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3. a>0 and b<0
Lemma 3.1. If a>0 and b<0, then H has compact resolvent in L1
and L2.
Proof. This is a consequence of Theorem 1.3 and Lemma 2.2.
Lemma 3.2 ([3, Lemma 16]). Suppose a>b and b<0. Then there exists
c11 such that
_a&bc1H
as a quadratic form inequality.
Lemma 3.3. Suppose a>0 and b<0. Then H has discrete spectrum by
Lemma 3.1. Let E1 be the lowest eigenvalue of H and let ,1>0 be the ground
state eigenfunction of H normalized by &,1&2=1. Then there exists c21
such that
,1(x)c2(1+|x| )b2 (x # RN).
Proof. Let x # RN and suppose that |x|10. Then applying
Theorem 1.1 with 7=B(x, |x|2), y=x, R=|x|2, aij=$ij_&b&N+2 and
V=&E1 _&a&N (so that *c3(1+|x| )&b&N+2, 4c4(1+|x| )&b&N+2
and &c5E 121 (1+|x| )
(b&a)2&1 for some c3 , c4 , c51) we have
,1(x)sup[,1(z): |z&x||x|8]
c6 inf[,1(z): |z&x||x|8]
c7 |x|&N |
|z&x||x|8
,1(z) dz
=c7 |x|&N |
|z&x||x|8
,1_ (a&b)2_(b&a)2+a+N_&a&N dz
c7 |x|&N {||z&x||x|8 ,21 _a&b_&a&N dz=
12
_{| |z&x||x|8 _b&a+2a+2N_&a&N dz=
12
c8 |x|&N [c1E1]12 [(1+|x| )b+N |x|N]12
c9(1+|x| )b2.
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Lemma 3.4 ([2, Theorem 6.3]). Suppose (1+H)&1 is compact in L.
If the ground state eigenfunction ,1 of H2 lies in C0(RN), then C0(RN) is
invariant under e&Ht.
Theorem 3.5. Suppose a>0 and b<0. Then
(i) C0(RN) is invariant under e&Ht,
(ii) e&Ht does not conserve probability.
Proof. (i) follows from Lemmas 3.3 and 3.4, while (ii) is a consequence
of (i), Lemma 3.1 and Theorem 1.4.
4. a>b and a<0
Lemma 4.1 ([4, Theorem 4.6]). Let 7 be a region in RN. Suppose that
7 can be divided into similarly oriented disjoint open cubes Cn , with edge
length #n , such that
:= .

n=1
C n .
Let \ be a positive function on 7 and let
L=&\&1 :
N
i, j=1 {

xi \aij

xj+=
be the elliptic operator defined in L2(7, \ dx) with Dirichlet boundary condi-
tions. Suppose that x # Cn implies
0<*n[aij (x)]k1*n
{0<k2;n\(x);n (4.1)W(x)k3 #&2n *n;&1n &k4
for some k1 , ..., k4>0, where W is a potential such that WH. Let
%n=#n *&12n ;
12
n (4.2)
and suppose that
:

n=1
%Nn <. (4.3)
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Then there exists k5>0 such that
tr(e&Lt)k5 t&N2 (0<t<1).
Theorem 4.2. If a>b, then there exists c101 such that
tr(e&Ht)c10 t&N2 (0<t<1).
Hence H has compact resolvent in L2(RN, _&a&N dx).
Proof. We cover RN by open cubes [Cn] chosen as follows. For each
integer M1 divide (&3M, 3M)N into 3N equal subcubes each of edge
length 2 } 3M&1, and include in the covering all except the central one. If
one finally adjoins the cube (&1, 1)N one obtains a covering of RN by
cubes [Cn]. Let
W=c&11 _
a&b&1.
Then WH by Lemma 3.2. Let aij=$ij_&b&N+2 and let \=_&a&N. Then
one can choose k1 , ..., k4>0, depending only on a, b, c and N, and *n and
;n such that (4.1) is satisfied and if %n is defined as in (4.2), then there exists
c111 such that
:

n=1
%Nn c11 :

m=0
3M(b&a) N2+N<.
Hence the theorem follows from Lemma 4.1.
Lemma 4.3. Suppose a>b and b<0. Then, by Lemma 3.1 and
Theorem 4.2, H has discrete spectrum. Let E1 be the lowest eigenvalue of H
and let ,1>0 be the ground state eigenfunction normalized by &,1 &2=1.
Then there exist k6 , k7>0 such that
,1(x)k6(1+|x| )&k7 (x # RN).
Proof. Let x # RN with |x|10. Let Bi be a sequence of balls with
centres xi and radii ri satisfying the following:
(i) x1=x,
(ii) xi lies on the straight line joining 0 to x,
(iii) |x1 |&|xi+1 |=ri+1 ,
(iv) ri=|xi | sin :, where : is a sufficiently small positive number to
be chosen.
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Then we have
sin :=r2 |x2 |=(|x1 |&|x2 | )|x2 |=|x| |x2 |&1&1,
and so
|x2 |=|x| (1+sin :)&1
and
r2=|x| sin : (1+sin :)&1.
Repeating this calculation above we get
ri=|x| sin : (1+sin :)&(i&1).
Let q=q(x) be the smallest integer satisfying
|xq |&rq10.
Then
rq[(sin :)&1&1]10
and so q is the smallest integer satisfying
(log k)&1 log[10&1(1&sin2 :) |x|]q
where
k=1+sin :.
Let
mi=|xi |+ri&(|xi+1 |&ri+1)
and let
Mi=|xi+1 |&ri+1+ 12mi .
In order to apply Theorem 1.1 we choose :>0 such that
1
2mi
1
8Mi , (4.4)
or equivalently
7&9k&1+7 sin :+9k&1 sin :0. (4.5)
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We choose :>0 to be sufficiently small so that (4.4) and (4.5) are satisfied.
Applying Theorem 1.1 repeatedly we obtain
{
,1(x)c&q6 inf[,1( y): | y|20]
(4.6)
c&16 exp[&(log c6)(log k)
&1 log[10&1(1&sin2 :) |x| ]]
_inf[,1( y): | y|20]
=k8 |x| &k9 inf[,1( y): | y|20]
for some k8 , k9>0 depending only on a, b, c, N and :. The lemma now
follows from (4.6).
Lemma 4.4. If a>b and b<0, then there exist c121 and k10>0 such
that
&log ,1=H&k10 log =+c12 (=>0)
as a quadratic form inequality in L2(RN, _&a&N dx).
Proof. By Lemmas 3.2 and 4.3 we have, for all ’>0,
&log ,1(x)&log k6+k7 log(1+|x| )
&log k6&k7(a&b)&1 log ’+k7 ’(a&b)&1 (1+|x| )a&b
&log k6&k7(a&b)&1 log ’+k7 ’(a&b)&1 c12 H.
The Lemma now follows by putting
==k7c12(a&b)&1 ’.
Definition 4.5. Let e&Ht be a symmetric Markov semigroup on
L2(M, dm). Suppose H has discrete spectrum and let ,1>0 be the ground
state eigenfunction of H normalised by &,1&2=1. Let U : L2(M, dm) 
L2(M, ,21 dm) be the unitary operator defined by
Uf=,&11 f ( f # L
2(M, dm))
and let
H =UHU&1.
Then e&H t is a symmetric Markov semigroup on L2(M, ,21 dm). We say
that e&Ht is intrinsically ultracontractive if e&H t is ultracontractive.
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Lemma 4.6 ([5, Theorem 4.2.5]). Let e&Ht and ,1 be as in Definition 4.5
and suppose e&Ht is intrinsically ultracontractive. Then for all =>0 there
exists T>0 such that tT implies
(1&=) e&E1t,1(x) ,1( y)KH(t, x, y)(1+=) e&E1 t,1(x) ,1( y)
for all x, y # M, where E1 is the lowest eigenvalue of H.
Lemma 4.7. Suppose a>b and b<0. Then e&Ht is intrinsically ultra-
contractive.
Proof. By Theorem 1.3 and Lemma 4.4, the result can be proved in the
usual way by applying [5, Theorems 2.4.2, 2.4.5, Lemma 4.4.1 and
Corollary 4.4.2].
Lemma 4.8. Suppose a>b and a<0. By Theorem 4.2 let ,1>0 be the
ground state eigenfunction of H normalized by &,1&2=1. Then there exists
c131 such that
,1(x)c12(1+|x| )b2 (x # RN).
(The proof of this lemma is exactly the same as that of Lemma 3.3.)
Theorem 4.9. If a>b and a<0, then C0(RN) is invariant under e&Ht.
Proof. By Lemmas 4.6 and 4.7 there exists c141 such that for all
x # RN
c&114 ,1(x) |
RN
,1( y) _&a&N( y) dy|
RN
KH( 12 , x, y) _
&a&N( y) dy1.
Hence ,1 # L1(RN, _&a&N dx). Also, since e&Ht is intrinsically ultracon-
tractive, for all t>0 there exists 0<k(t)< such that
KH(t, x, y)k(t) ,1(x) ,1( y) (x, y # RN).
Let t>0 and let f # L(RN, _&a&N dx). Then
{
|e&Htf (x)||
RN
KH(t, x, y) | f ( y)| _&a&N( y) dy
(4.7)
k(t) ,1(x) & f & |
RN
,1( y) _&a&N( y) dy
k(t) &,1&1 & f & ,1(x)
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for all x # RN. Thus, by Lemma 4.8, e&HtLC0(RN) and the theorem
follows.
Lemma 4.10 ([10, 92]). Let 7 be a region in RN, let 0<{1<{2 and let
u be a solution of the parabolic equation
u
t
&w&1 :
N
i, j=1 {

xi \aij
u
xj+==0
in 7_({1 , {2) where w and [aij] satisfy
0<*&1[aij (x)]*< (x # 7)
and
0<*&1w(x)*< (x # 7)
for some *1. Let 7$7 be a subregion and suppose that
dist(7$, 7)>$ and t1&{1$2.
Then
|u(x, t)&u( y, s)|A[ |x&y|+|t&s| 12]:
for all x, y # 7$ and t1(t or s){2 , where 0<:<1 depends only on * and
N, and
A=(4$): %
where % is the oscillation of u in 7_({1 , {2).
Theorem 4.11. Suppose a>b and a<0. Then H has compact resolvent
in L1(RN, _&a&N dx).
Proof. Let t>0. We prove that the set
8(t)=[e&Htf : & f &1]
is equicontinuous. Let =>0. Then by (4.7) we can choose M=M(=)>0
such that
|e&Htf (x)|k(t) &,1&1 ,1(x)<= ( |x|M, & f &1). (4.8)
By Lemma 4.10 there exist :, k8>0 depending only on a, b, c, N, M and
t such that |x|, | y|M+1 implies
|e&Htf (x)&e&Htf ( y)|k8 &e&Htf & |x&y|:k8 |x&y|:. (4.9)
11SECOND ORDER ELLIPTIC OPERATORS
File: 505J 311912 . By:MB . Date:12:08:96 . Time:17:33 LOP8M. V8.0. Page 01:01
Codes: 2232 Signs: 1171 . Length: 45 pic 0 pts, 190 mm
Hence equicontinuity of 8 follows from (4.8) and (4.9). Since 8 is
uniformly bounded, Ascoli’s theorem (applied to R4 N) implies that the
closure of 8 in C0(RN) is compact. Hence e&Ht, and therefore e&H1 t, is
compact and the result follows.
Corollary 4.12. Suppose a>b and a<0. Then e&Ht does not conserve
probability.
Proof. This is a consequence of Theorems 1.4, 4.9 and 4.11.
5. a<b
Lemma 5.1 ([6, Theorem 6]). Let M be a Riemannian manifold such
that every ball has finite volume. Let \>0 be a measurable function on M
such that \\1 # Lloc . Suppose there exist T, ki>0, i=1, ..., 5, such that for
all x # M and 0<sT and whenever u is a positive solution of the parabolic
equation
u
t
&\&2{ } (\2 {u)=0
in B(x, k1s12)_(0, 3s) we have
(x, k2s)k3 u( y, (k2+k4) s) ( y # B(x, k5 s12)).
Let
L=&\&2{ } (\2{)
be the elliptic operator defined in L2(M, \2 dx) with Dirichlet boundary con-
ditions and let K(t, x, y) be the heat kernel of e&Lt. Then 0<t<r implies
0<K(t, x, y)k6 |B(x, t122)|&12 |B( y, t122)| &12 exp {&d
2(x, y)
24t =
for all x, y # M where k6>0 depends only on k1 , k2 , k3 , k4 and k5 and
|B(x, r)|=|
B(x, r)
\2( y) d(vol )( y) (x # M, r>0).
Notations. For all x # RN and r>0 we let
hx(r)=\|B(x, r) _(b&a&2) N2( y) dy+
2N
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and for all x # RN and r, t>0 we let {x, t, r : RN+1  RN+1 be the map
defined by
{x, t, r( y, s)=(x+ry, 12hx(r)(s&2)+t) ( y # R
N, s # R).
Then for all x # RN and r, t>0, {x, t, r maps B(0, 2)_(0, 2) onto the set
Q(x, t, r)=B(x, 2r)_(t&hx(r), t).
Lemma 5.3. Suppose a<b. Then there exist c15 , c16 , c171 such that
0<KH(t, x, y)c15 t&N2(1+|x| )(N4)[b&a(1&2N)] (1+| y| )(N4)[b&a(1&2N)]
_exp[&c&116 [(1+|x| )
(b&a)4&(1+| y| )(b&a)4]2t]
for all x, y # RN and 0<tc&117 .
Proof. Since the constants c15 , c16 , c17 will depend only on a, b, c and
N, we can assume in this proof that _ is C . We first note that there exists
c181 such that
c&118 (1+|x| )
b&ahx( 12(1+|x| ))c18 (1+|x| )
b&a (x # RN). (5.2)
Let x0 # RN, let 0<t0c&118 (1+|x0 | )
b&a and let r0=h&1x0 (
1
2 t0) where h
&1
x0 is
the inverse of the increasing function r  hx0(r). Then (5.2) implies
r0 12(1+|x0 | ) (5.3)
and hence there exists c191 such that
c&119 (1+|x0 | )
b&a&2 r20
1
2 t0c19 (1+|x0 | )
b&a&2 r20 . (5.4)
Let u>0 be a solution of the parabolic equation
u
t
&_a+N :
N
i=1 {

xi \_&b&N+2
u
xi+==0
in Q(x0 , t0 , r0) and let u~ =u b {x0 , t0 , r0 . Then u~ >0 is a solution of the
equation
0=
u~
t
&[_a+N b {x0 , t0 , r0] :
N
i=1 {

xi \
1
2
r&20 hx0(r0)
_[_&b&N+2 b {x0 , t0 , r0]
u~
xi+=
=
u~
t
&w&1 :
N
i=1 {

xi \’
u~
xi+=
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in B(0, 2)_(0, 2) where
w=(1+|x0 | )a+N [_&a&N b {x0 , t0 , r0]
and
’=(1+|x0 | )a+N 12r
&2
0 hx0(r0)[_
&b&N+2 b {x0 , t0 , r0].
By (5.3) there exists c201 such that
c&120 w(x), ’(x)c20 ( |x|<2),
hence by Theorem 1.2 there exists c211 such that
sup
12t1, |x|1
u~ (x, t)c21 inf
54t32, |x|1
u~ (x, t)
or equivalently
{sup[u(x, t):
5
8 t0t
3
4t0 , |x&x0 |r0]
c21 inf[u(x, t): 1316 t0t
7
8 t0 , |x&x0 |r0].
(5.5)
Let M be the Riemannian manifold RN with the conformally flat metric
ds2=_b&a&2[dx21+ } } } +dx
2
N], (5.6)
let d(x, y) denote the Riemannian distance and let
\=_N[a(1&2N)&b]4.
Then there exists c221 such that
c&122 (1+|x| )
(b&a&2)2 |x&y|d(x, y)c22 (1+|x| )(b&a&2)2 |x&y|
for all x # RN and |x&y| 12(1+|x| ). Let T=c18 2, let 0<sT and let
x # M. Then whenever u>0 is a solution of the parabolic equation
u
t
&\&2{ } (\2 {u)=
u
t
&_a+N :
N
i=1 {

xi \ _&b&N+2
u
xi+==0 (5.7)
in B(x, c22c1219 2
&12s12)_(0, 3s), where B(x, c22 c1219 2
&12s12) is the ball in
the metric (5.6), then by (5.4), (5.5) and (5.7) we have
u(x, 58s)c21u( y,
7
8s) ( y # B(x, c
&1
22 2
&12c&1219 s
12)). (5.8)
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For all x # RN and 0<tT we have
B(x, c&122 2
&12c&1219 t
12)$[ y # RN: | y&x|h&1x ( 12t)=r],
hence
{
|B(x, c&122 2
&12c&1219 t
12)||
[ y: | y-x|hx&1((12) t)]
_&a&N( y) dy
(5.9)c23(1+|x| )&a&N [h&1x (
1
2t)]
N
c24(1+|x| )&a&N+(a&b+2) N2 tN2
=c24(1+|x| )N[a(1&2N)&b]2 tN2.
Also we have, for all x, y # RN,
{
d(x, y)=sup[ |(x)&( y)|:  # C (RN), &{&1]
=sup { |(x)&( y)|:  # C (RN), _a&b+2 " :
n
i=1 \

xi+
2
"1=
c&125 |(1+|x| )
(b&a)4&(1+| y| )(b&a)4|. (5.10)
By (5.8) we can apply Lemma 5.1 and hence the result follows from (5.1),
(5.9) and (5.10).
Theorem 5.4. Suppose a<b. Then
(i) C0(RN) is invariant under e&Ht,
(ii) e&Ht conserves probability,
(iii) H does not have compact resolvent in L1 and L2.
Proof. (i) Let f # Cc(RN) such that f ( y)=0 for all | y|R. Then, by
Lemma 5.3, for all x # RN and 0<tc&117
|e&Htf (x)|
=|
| y|R
KH(t, x, y) f ( y) _&a&N( y) dy
c26 t&N2(1+|x| )N[b&a(1&2N)]4 (1+R)N[b&a(1&2N)]4&a&N & f &
_|
| y| R
exp[&c&116 [(1+|x| )
(b&a)4&(1+| y| )(b&a)4]2t dy
 0 as |x|  .
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Hence e&HtCc(RN)C0(RN). (i) now follows since e&Ht is bounded in L
and Cc(RN) is dense in C0(RN). (ii) A C -function \ is said to be good if
there exists k1 such that
{
k&1(1+|x| )\(x)k(1+|x| ) (x # RN),
(5.11)
k&1|({\)(x)| 2k ( |x|P>1),
|x| \&1(x)
\
r
 1 as |x|  .
Let [_n] be a sequence of good functions such that _n(x)  _(x) for almost
every x as n   and that
c&1(1+|x| )_n(x)c(1+|x| ) (x # RN, n=1, 2, 3, ...).
Let
Hn=&_a+Nn :
N
i=1 {

xi \_&b&N+2n

xi+=
be the elliptic operator defined in L2(RN, _&a&Nn dx) with Dirichlet
boundary conditions and let Kn(t, x, y) be the heat kernel of e&Hnt. By
passing to a subsequence if necessary we assume that as n  
Kn(t, x, y)  KH(t, x, y) (t>0, x, y # RN).
By Lemma 5.3 there exists a function 0<Fx, t # L1(RN) for every x # RN
and t>0 such that
Kn(t, x, y) _&a&Nn ( y)Fx, t( y) ( y # R
N). (5.12)
By [12, Theorem 2.2] we have
|
RN
Kn(t, x, y) _&a&Nn ( y) dy=1 (n=1, 2, 3, ...) (5.13)
for almost all x # RN. Hence (5.12), (5.13) and the dominated convergence
theorem imply that
e&Ht1(x)=|
RN
KH(t, x, y) _&a&N( y) dy=1 (x # RN).
(iii) This follows from [12, Theorem 5.1] which asserts that 0 # Ess sp(H2)
if a<b. The proof given in [12] for this result does not require any
smoothness assumption on _.
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